Abstract. It is shown that the novel Lie group of transformations method is a competent and prominent tool in solving nonlinear partial differential equations(PDEs) in mathematical physics. Lie group analysis is used to carry out the similarity reduction and exact solutions of the (3 + 1)-dimensional CalogeroBogoyavlenskii-Schiff (CBS) equation. This research deals with the similarity solutions of CBS equation. We have obtained the infinitesimal generators, commutator table of Lie algebra, symmetry group and similarity reduction for the CBS equation. For the different Lie algebra, Lie symmetry method reduced (3 + 1)-dimensional CBS equation into new (2 + 1)-dimensional partial differential equations and again using Lie symmetry method these PDEs are reduced into various ordinary differential equations(ODEs).
Introduction
Non-linear partial differential equations(PDEs) exhibit a rich variety of non-linear phenomena, arise in many physical fields like the stratified shear flow in ocean and atmosphere, condense matter physics, fluid mechanics, etc. Therefore, seeking exact solutions of non-linear PDEs specifically the non-linear evolution equations (NLEEs) play an important role to look into the internal mechanism of convoluted physical phenomena. Most of the physical phenomena such as, fluid mechanics, quantum mechanics, electricity, plasma physics, chemical kinematics, propagation of shallow water waves and optical fibers are modelled by non-linear evolution equation and the appearance of solitary wave solutions in nature is somewhat frequent. The non-linear processes are one of the major challenges and not easy to control because the non-linear characteristic of the system abruptly changes due to some small changes in valid parameters including time.
In the literature, many significant methods have been proposed for obtaining exact solutions of nonlinear partial differential equations (PDEs) such as the Exp-function method, the Jacobi-elliptic method, the Lie Bäcklund transformations, the rational sine-cosine method, the Lie group of transformation method, the Hirota's method, Hirota bilinear forms, the tanh-sech method and so on [3, 12, 17] . Lie group method of infinitesimal transformations [14, 15, 18, 16] which, has always been and still is, a great tool to find the analytical solution of non-linear partial differential equations(PDEs). A number of mathematicians have used this tool in many areas of scientific fields such as solid state physics, plasma physics, fluid dynamics, mathematical biology and chemical kinetics. S. Sahoo et.al [13] recently presented their work for modified Kdv-Zakharov-Kuznetsov equation by using Lie group method.
In this paper we will study the generalized (3+1)-dimensional Calogero-Bogoyavlenskii-Schiff (CBS) equations
where a, b, c, and d are parameters. Using a dimensional reduction ∂z = ∂y = ∂x, (1) will be reduced to the standard Korteweg-de Vries (KdV) equation. The (3 + 1)-dimensional CBS equation (1) can be obtained in the potential form
using the potential v = u x . The CBS equation was first constructed by Bogoyavlenskii and Schiff in different ways. Bogoyavlenskii used the modified Lax formalism [5, 4, 8] , whereas Schiff derived the same equation by reducing the self-dual Yang-Mills equation [4, 11, 9, 7] . In many studies, the forms of the arbitrary parameters which appear in the underlying model are assumed. However, the Lie symmetry approach through the method of group classification has proven to be a powerful tool in specifying the forms of these parameters naturally. The Lie group method is powerful technique to construct the exact solution of non-linear PDEs. Furthermore, based on the Lie group method, many types of exact solutions of PDEs can be considered, such as the traveling wave solutions, similarity solutions, soliton solutions, fundamental solutions, and so on.
Method of symmetries
In this section, we recall the general procedure for determining symmetries for any system of partial differential equation. Let us consider the general case of partial differential equations of order p with m−dependent variables and n−independent variables is given as a system of equations
Here, x = (x 1 , x 2 . . . x n ), u = (u 1 , u 2 . . . u m ) and the derivatives of u with respect to x upto p, where u p express all the derivatives of u of all orders from 0 to p. we consider one parameter Lie group of infinitesimal transformation acting on dependent variable u and independent variables (x, y, t) of (3).
where ξ i and η j are infinitesimals of transformation for the independent and dependent variables, respectevely and (ε) is group parameter which is admitted by the system (3) The infinitesimal generator v associated with the above group of transformation can be written as
Lie group of transformations are such that if u is a solution of system (3) thenǔ is also a solution.
The method for finding group symmetry [16] is by finding corresponding infinitesimal generator of Lie group of transformations. This yields to overdetermined, linear system of equation for infinitesimals ξ i (x, u), η j (x, u). The invariance of system (3) under the infinitesimal transformation leads to the invariance conditions
where P r (p) is called p th -order prolongation vector field v is given by
where
, and sum is all over the orders of j 's of order 0 < j ≤ p. If j =k, the coefficients η j α of ∂u α j will only depend on k th and lower order derivatives of u;
The set of all infinitesimal symmetries of this system have one important property which is that they form a Lie algebra under the usual Lie bracket.
Lie symmetry analysis of (3 + 1)−dimensional CBS equation
First we sketch the derivation of the Lie similarity reductions of the CBS equation using Lie symmetry analysis as given in [12] . we consider the one parameter Lie group of infinitesimal transformation on (x 1 = x, x 2 = y, x 3 = z, x 4 = t, u 1 = u),
where ε is the continuous group parameter and ξ 1 , ξ 2 , ξ 3 , τ and η are the infinitesimal of the transformations for the independent and dependent variable respectively, which are yet to be determined. The associated vector field of the form:
Using the invariance condition P r (4) v(∆) = 0 whenever ∆ = 0 and P r (4) v is the fourth prolongation of v, thus the Infinitesimal criteria for the invariance of Eq. 2 would be:
Applying the fourth prolongation of v to Eq. (14), one can obtain a large overdetermined system of coupled partial differential equations which are called determining equations
The infinitesimals can be find by solving "determining equations"(15) which yields the following infinitesimals:
where c 1 , c 2 , c 3 , c 4 , c 5 and c 5 are arbitrary constants. γ(t) and λ(t) are arbitrary functions of t. The prime (′) denotes the differentiation with respect to it's indicated variable throughout the paper.
Hence, the infinitesimal generators of the corresponding Lie algebra are given by
It is convenient to display the commutators of a Lie algebra through its commutator table whose (i, j) [12, 15] ). The structure constants are easily read off from the commutator table.
For the infinitesimal generators (17) we have the following commutator table:
Here, it is clear that the CBS equation contain infinite continuous group of transformations which is generated by the infinite-dimensional Lie algebra spanned by vector fields (17) . These generators are linearly independent. In general, there are an infinite number of subalgebras for this Lie algebra formed from linear combinations of generators v i , i = 1, 2, . . . , 6. If two algebras are similar, i.e. connected to each other by a transformation from the symmetry group, then their corresponding invariant solutions are connectedd to each other by the same transformation. Therfore, it is sufficient to put all similar subalgebras into one class and select a representative from each class. The set of all these representatives is called an optimal system (for details see [16, 18] ).
Symmetry group of (3 + 1)−dimensional Calogero-Bogoyavlenskii-Schiff equation
In this section, to obtain the group transformation X i : (x, y, z, t, u) → (x,y,ž,ť,ǔ) which is generated by the infinitesimal generator v i for i = 1, 2, . . . , 6; we need to solve following system of ordinary differential equations:
The one-parameter group X i spanned by v i is given as follows:
The entry on the right hand side gives the transformed point exp(x, y, z, t, u) = (x,y,ž,ť,ǔ). If u = f (x, y, z, t) is known solution of Eq.(2), then by using above groups X i (i = 1, 2, . . . , 6), corresponding new solutions u i (i = 1, 2, . . . , 6) can be obtained as follows:
Symmetry reduction and exact solutions
In this section we shall get the similarity solution for Eq.(2) by solving the reduction equations which can be find with the help of similarity variables. To find the similarity variables first we solve corresponding characteristic equations which are:
5.1. vector field v 3 :
Assume λ(t) = γ 
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The similarity reduction of equation (2) 
where a 1 , a 2 , a 3 , a 4 and a 5 are arbitrary constants and ψ(T ), δ(T ) are arbitrary functions.
Case 1:a 1 = 0 and else parameters and arbitrary functions are zero.
This follows the characteristic equation for (23) is given by
Further, Eq. (23) can be reduced into following (1 + 1)−dimensional partial differential equation as follows:
Novel Lie group similarity analysis method gives the following infinitesimals when it applies on Eq.(25). In this case, we find the similarity solution H(r, s) as:
Therefore, Eq.(26)reduced the Eq.(25) into the following ordinary differential equation
where B = 
or (29) G(ζ) = − α, where α is a new constant.
By back substitution, we get following two exact solution of Eq. (2) u(x, y, z, t)
Subcase 2: b 2 = 0, ρ(s) = 0, else parameters are zero.
In this case, Lagrange's characteristic equations are as
Hence, we find the similarity solution H(r, s) as:
is a similarity variable.
Therefore, Eq. (25) has reduced into the following ordinary differential equation
Hence, solution of Eq. (33) is
By back substitution, exact solution of Eq. (2)is
Assume γ . Then corresponding Lagrange's characteristic equations can be find by comprising (36) and (20)
The similarity reduction of equation (2) in similarity form with following three similarity variables is
From Eqs. 38 and (2), we get the following partial differential equation with three independent variables
The new set of infinitesimal generator for Eq. (39) by applying similarity transformation method (STM) is
where a 1 , a 2 , a 3 , a 4 and a 5 are arbitrary constants and ψ(
) is an arbitrary function.
Assume ψ( bZ−dY b ) = 0. Then Lagrange's characteristic equation for (39) is given by
are similarity variables.
Further, Eq. (39) can be reduced into following (1 + 1)−dimensional partial differential equation as follows:
Lie group analysis method gives the following infinitesimals when it applies on Eq.(41).
where b 1 and b 2 are arbitrary constants. The similarity solution H(r, s) can be written in the following similarity form:
This transformation reduces Eq.(2) into following ordinary differential equation
Therefore, we get following two solution of Eq.(43)
Hence, we find the solutions of (2) 
Conclusion
In this paper we have shown that the Calogero-Bogoyavlenskii-Schiff equation can be transformed by a Lie point transformation to new partial differential equation with less independent variables and again Lie group symmetry reduces these equation into ordinary differential equation. Infinitesimal generators and different vector fields for CBS equation were obtained by using the Lie symmetry group analysis. Using the criterion of invariance of Eq.(2) under the the infinitesimal prolongation, we find the Lie symmetries group of (3 + 1)-dimensional Calogero-Bogoyavlenskii-Schiff equation and similarity variables played a important role in the reduction of equation. This work is significant since the exact solutions obtained shall be helpful in other applied sciences as condensed matter physics, field theory, fluid dynamics, plasma physics, non-linear optics, etc. Our exact solutions may serve as benchmark in the accuracy testing and comparison of their numerical algorithms. The availability of computer systems like Mathematica or Maple facilitates the tedious algebraic calculations. The method which we have proposed in this article is also a standard, direct and computer-literate method, which allows us to solve complicated and tedious algebraic calculation.
